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a b s t r a c t

Structural waves propagating along a railway rail form an extended source of sound

radiation. Using an equivalent source model the distribution of this sound in a

horizontal plane is investigated and shown to consist mainly of sound propagation at a

particular angle to the normal. This direction is determined by the ratio of the

spatial distribution of the sound field in the direction along the track does not lend itself

to the use of a simple directivity factor. The consequences for the measurement of noise

from the rail using a microphone array are then explored. It is shown that a microphone

array focussed normal to the rail does not detect most of the sound radiated by the rail.

By turning the focus angle, the sound detected becomes a maximum when this angle

corresponds to the angle of propagation of the sound radiation. Measurements on a test

track using artificial excitation and measurements during the passage of a train confirm

these conclusions.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

There are a number of different sources of noise from a moving train. In order to apply appropriate countermeasures it is
necessary to understand which noise sources have the greatest contribution to the total in any given situation. Rolling
noise, caused by vibrations of the wheels and rails, is important for a wide range of train speeds [1]. At high speeds
aerodynamic noise becomes dominant due to its greater speed dependence [2]. Recent studies suggest that aerodynamic
noise becomes dominant above about 350 km/h and that rolling noise remains important at 300 or even 320 km/h [3].
Sources of aerodynamic noise include the nose of the leading vehicle, the region around the bogies, inter-coach gaps,
pantograph and other roof-mounted equipment [2,4]. Other sources of noise include fans for both traction equipment and
air-conditioning, diesel engines and their exhaust systems and electric traction equipment.

Theoretical models have been developed for rolling noise, based on the vibration of the wheels and rails excited by their
surface roughness [5]. These models have been validated in terms of the vibration and radiated noise for a range of
conventional and novel wheel and track designs [6,7]. Consequently, the relative contributions of the wheel and rail
radiation can be considered to be predicted with reasonable reliability. This is especially the case when measurements of
wheel and rail vibration are available for use in estimating radiated noise [6–8]. In almost all cases considered, the wheel
has been found to be the dominant component for frequencies above about 1.6 kHz, whereas between about 500 and
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1600 Hz the rail forms the dominant source [6,8]. In terms of overall sound level, the wheel and rail are both important
sources, but often, particularly at lower speeds and for track fitted with soft rail pads, the rail has a larger overall
contribution than the wheels [6].

An alternative method for identifying sources and determining their relative contributions is to use microphone arrays.
These are commonly used to locate acoustic sources on moving vehicles. In particular, trackside microphone arrays are the
main means available to identify aerodynamic noise sources on high speed trains [4,9–12]. The same technology has also
been used in a number of investigations to quantify the rolling noise contributions from individual wheels of a train
[13–18]. However, it has been found that such results often give more prominence to the wheel contribution than to that of
the rail, leading to the conclusion that the dominant source is located in the wheel region even for frequencies between 500
and 2000 Hz. In other cases, such as [3], the source appears to be located close to the wheel/rail contact. In contrast to these
results, from the theoretical model the rail would be expected to be seen as a source which is extended in length. This
therefore appears to conflict with the experimental evidence. It has been shown that the microphone array may not detect
most of the sound radiation from the rail, especially if focussed normal to the rail [19]. On the other hand, the wheel is a
fairly compact source with a simpler directivity [20] and it is expected that it can be measured successfully using a
microphone array.

To investigate this phenomenon further, simulated and measured results are presented of the sound radiation from a
rail and the output from a one-dimensional microphone array. A model for the sound radiation from the rail is produced on
the basis of an array of simple sources. These are assigned source strengths according to the rail vibration calculated using a
beam model. This model allows the distribution of the sound radiation in a horizontal plane to be determined. It is shown
from this that the rail forms an extended acoustic source. On the other hand, source identification using a microphone array
is based on the (often implicit) assumption that the source region is composed of a distribution of incoherent point sources.
This is a reasonable assumption for aerodynamic sources, but not for the radiation from an extended source such as the rail.
Flexural waves in the rail radiate sound predominantly at an angle to the normal, which is therefore suppressed by an array
focussed in a direction normal to the rail. This leads to an underestimation of the contribution of the rail component of
noise.

Some initial simulated results from this model were presented in [19], where it was shown that a microphone array
directed normal to the track would under-estimate the rail component of noise by 10 dB or more in the frequency region
where waves propagate freely along the rail. Consequently, only the radiation from the near-field component of vibration is
detected by the array, that from the propagating waves being suppressed by the focussing of the array.

Here, the calculation model for the radiation from the rail is presented and used to simulate in more detail the
‘directivity’ in a horizontal plane. Strictly, the concept of directivity relies on the source being compact. What is meant in
this paper by ‘directivity’ is the distribution of sound intensity in a two-dimensional plane including the rail axis. For
simplicity this plane is considered to be horizontal. The distribution of the sound radiation in the vertical plane normal to
the axis of the rail is not considered.

Clearly, sound propagating away from the track is of direct importance to line-side residents. Nevertheless, the
‘directivity’ in the horizontal plane affects the rise and decay of sound during a train pass-by and is related to the rates of
decay of vibration in the track.

These simulations are complemented by two sets of measurements: one on a track excited using a shaker, and the other
during the passage of a train. These results confirm the extended nature of the rail as an acoustic source and the inadequacy
of source identification based on incoherent sources. The microphone array considered is based on a horizontal one-
dimensional array although similar conclusions would be expected where two-dimensional arrays are used for horizontal
source location.
2. The directivity of sound radiated by a rail

2.1. Vibration response

The vertical vibration of a railway rail can be represented using a Timoshenko beam for frequencies up to at least 2 kHz
[21]. At higher frequencies foot flapping becomes increasingly significant [22]. Lateral vibration is affected by cross-
sectional deformation over a wider frequency range; the web-bending wave cuts on at around 1.5 kHz and torsional motion
exists at lower frequencies [22]. The point mobility is therefore under-predicted using this model. Nevertheless, the flexural
wave remains the dominant source of noise and the beam model can be used to predict the wave motion for this direction
also [23,24].

The rail vibration is modelled here as a Timoshenko beam on a continuous two-layer foundation; the sleepers are
represented as a layer of mass between damped springs representing the rail pads and the ballast [23,25]. When the rail is
excited by a point force, its response can be expressed in terms of waves propagating away from the excitation point. The
response of the rail at frequency o (assuming a time dependence of eiot) can be written in the form of a transfer mobility
from a force at x=0 to the velocity response at a distance x,

YðxÞ ¼ ðu1e�ik1jxj � iu2e�b2 jxjÞ (1)
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where the wavenumber k1 corresponds to a propagating wave and b2 to a near-field wave. These and the corresponding
amplitudes u1 and u2 are derived in Appendix A. The imaginary part of k1 corresponds to the decay with distance along the
rail,

D ¼ �8:686 Imðk1Þ (2)

where D is given in dB/m.
Measurements have been taken on a test section of narrow gauge track in Japan laid with type 60 rails and concrete

monobloc sleepers in ballast. The nominal sleeper spacing was 0.625 m. Both shaker and hammer excitation were used to
determine the point mobility and decay with distance for vertical and lateral vibration. The measurements using shaker
excitation were acceptable up to 3 kHz while those using hammer excitation were valid up to at least 5 kHz.

Fig. 1(a) shows the measured and predicted mobility for the vertical direction. For clarity, only the measurements
obtained using hammer excitation are shown. The parameters used to model the track are listed in Table 1. Generally good
agreement is found, apart from the peak seen in the measurements at 1 kHz. This is due to the pinned–pinned mode of the
track, which is not predicted using the continuously supported track model.

Corresponding results for the lateral direction are shown in Fig. 1(b). Here the neglect of torsion and web-bending
motion in the model results in an under-prediction of the mobility. Nevertheless, the trends are reproduced in the
predictions. The peak at about 500 Hz is again the pinned–pinned resonance.

Fig. 1(c) shows the decay rates for the vertical rail vibration. The measured values were determined from transfer
mobility measurements obtained using shaker excitation. To determine the decay rate an integral of the squared vibration
over the length of the rail is used [26]. These results also agree quite well with the predictions. The significant fall in the
decay rate at around 700 Hz corresponds to the onset of free wave propagation in the rail. At lower frequencies the effects
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Fig. 1. (a, b) Point mobility for vertical (left) and lateral (right) rail vibrations. - - -, measured results between sleepers from hammer excitation; —,

predicted results, continuously supported track model. (c, d) Decay rate of vertical (left) and lateral (right) rail vibrations. —, Predicted for propagating

wave; J, measured values.
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Table 1
Values of parameters used for the track.

Vertical Lateral

Rail bending stiffness (Nm2) 6.49�106 1.08�106

Rail shear coefficient 0.4 0.4

Rail loss factor 0.02 0.02

Mass per length (kg/m) 60

Cross receptance level (dB) �12

Pad stiffness (N/m) 4.1�108 4.5�107

Pad loss factor 0.3 0.3

Sleeper mass (1/2 sleeper) (kg) 80

Distance between sleepers (m) 0.625 (0.6–0.65)

Ballast stiffness (N/m) 2.3�107 2.0�107

Ballast loss factor 2.0 2.0
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of sleeper bending modes, neglected in the model, can be seen in oscillations of the measured decay rate in the region
300–800 Hz. The measurements show a peak in the decay rate just above 1 kHz, which is not reflected in the predictions.
Again, this is caused by the effect of the periodic support.

The decay rate for the lateral excitation is shown in Fig. 1(d). The measured results are somewhat higher than the model
predicts, but follow the same trends.
2.2. Equivalent source model

As shown in [27], below 1 kHz the radiation ratio of a rail resembles that of a line dipole, while above 1 kHz it is close to
unity. The sound power and the directivity in a vertical plane (normal to the rail axis) can be predicted reasonably well
using a two-dimensional boundary element model [27]. The purpose of the present work is to study the distribution of the
sound radiation from a rail in a two-dimensional plane including the rail axis. For simplicity this plane is considered to be
horizontal.

To calculate the sound radiation due to the vibration of the rail, an equivalent source model is used [27]. The rail is
replaced by a line array of N monopoles located with equal spacing D along its axis. The source separation D must be less
than a quarter of the acoustic wavelength at the frequency of interest, as well as less than a quarter of the structural
wavelength. A different source spacing is chosen for each frequency according to this criterion. Although dipole sources
would give a more realistic directivity in the vertical plane, the results presented here are found not to differ greatly
whether monopoles or dipoles are used. Monopoles are therefore used for simplicity.

The volume velocity amplitude of source n is denoted by Qn and its location by rn. The distance from the origin along the
axis of the rail (the x axis) is denoted by xn. A series of receiver locations are considered, defined by vectors rm. The distance
between source n and receiver location m is denoted by Rmn=|rm�rn|.

For each frequency, o, the sources are assumed to be mutually coherent, so that their relative phase is taken into
account. Then the sound pressure amplitude at receiver location m is given by

pðrmÞ ¼ ir0c0k
XN

n¼1

Qn

4pRmn
e�ikRmn (3)

where r0 is the density of air, c0 is the speed of sound in air and k=o/c0 is the acoustic wavenumber. Similarly, by
differentiating the above, the particle velocity can be written as

uðrmÞ ¼
XN

n¼1

ð1þ ikRmnÞ
Qnðrm � rnÞ

4pR3
mn

e�ikRmn (4)

The complex volume velocity amplitudes Qn are chosen to correspond to the vibration velocity of the rail, calculated
according to Eq. (1),

Qn ¼ Q0YðxnÞ (5)

where Q0 is a constant ‘calibration factor’ which depends on the separation between the sources and the size of the rail
cross-section. This model neglects the effects of the rail cross-section geometry, although these can in principle be included
into Q0. However, as the interest is to determine the directivity in the direction along the track (x direction), not the radiated
power or the directivity within the y–z plane, the present model is sufficient and it is not necessary to determine Q0.

The model could be extended to represent the rail using an array of dipoles by simply taking pairs of sources at each
location xn, separated by a small distance in the transverse direction.
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2.3. Results for continuously supported rail

The calculations presented here are based on the vertical track vibration obtained using the model of Section 2.1. The
parameters are listed in Table 1. The rail is excited by a point force at x=0; vibration is transmitted symmetrically to either
side. The complex vibration amplitude is determined at many points along the rail using Eq. (1). This vibration is used to
define the complex source strengths Qn of a set of point sources located along the axis of the rail, as described above. The
sound field due to these point sources is then calculated in terms of the pressure and particle velocity at a number of
receiver positions. The time-averaged sound intensity can also be determined from Eqs. (3, 4),

I ¼ 1
2 Reðpu�Þ (6)

Fig. 2 shows the relative sound pressure level induced by vertical rail vibration at four example frequencies. This is plotted
against distance along the track for various distances from the rail. The magnitude of the rail vibration is also shown on the
same graph. The sound pressure and velocity levels have been plotted to arbitrary reference values to allow them to be
plotted together. The highest sound pressure level curve (at least at x=0) corresponds to a distance of 0.5 m from the rail,
the subsequent ones to 1, 2 and 4 m.

At 125 Hz the track vibration consists only of strongly decaying waves with a decay rate of around 4 dB/m, as seen in Fig.
1(c). The source is therefore localised to a region close to the forcing point. At 400 Hz the decay rate reaches a peak of
almost 20 dB/m and the sound is again radiated only from the vicinity of the forcing point.

At higher frequencies, propagating waves are transmitted along the rail over a significant length of the track. At 800 Hz
the decay rate is about 3 dB/m, and at 1600 Hz it is 1 dB/m. The radiation from the rail therefore extends over a considerable
length, as seen in Fig. 2(c,d). Particularly for 1600 Hz, it can be seen that the radiated level is relatively low for small values
of x and reaches a peak at some distance away from the forcing point. This distance increases as the receiver is moved
further away from the track; at 2 m from the track it is x=1.0 m while at 4 m away it is at x=1.9 m. This effect is due to the
propagating wave in the rail, which radiates sound at an angle to the normal.

To illustrate this further, Fig. 3 shows the vector of the time-averaged sound intensity calculated at various positions
relative to the rail. The intensity vectors are shown with their lengths proportional to the intensity level in dB, with a
dynamic range of 25 dB.
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Fig. 2. Sound radiation from a rail versus distance along the track from the forcing position: —, relative sound pressure level at various lateral distances

(0.5, 1, 2, and 4 m) from the rail; – – –, relative source strength obtained from vertical rail vibration. Relative levels shown to arbitrary reference. (a) 125 Hz,

(b) 400 Hz, (c) 800 Hz, and (d) 1600 Hz.
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Fig. 3. Sound intensity predicted due to rail vibration at various frequencies. Intensity vectors are shown scaled in decibels with a range of 25 dB. (a)

125 Hz, (b) 400 Hz, (c) 800 Hz, and (d) 1600 Hz.
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At 125 Hz the sound radiation can be seen to be approximately omnidirectional relative to the forcing point (0, 0). At
400 Hz the sound is again radiated only from the vicinity of the forcing point. Due to the interaction between the two near-
field waves in the rail at this frequency, the radiation is contained within a region around 7451 relative to the plane of the
forcing point.

At the higher frequencies the radiation from the rail extends over a considerable length, as already seen in Fig. 2. Of
particular note is the direction of the intensity vectors. Apart from the region close to the forcing point at x=0, the direction
of the intensity vector is close to that determined by the wavenumbers in the rail, k1, and in air, kair. For example, at
1600 Hz, Re(k1)=6.55 rad/m and kair=29.3 rad/m, giving an angle to the normal of sin�1(Re(k1)/kair)=12.91. This agrees closely
with the angle observed at most of the points shown.

It is clear from these results that, due to the extended nature of the rail as a source, the spatial distribution of the sound
field in the direction along the track does not lend itself to the use of a simple directivity factor, for which the intensity
would have to be orientated radially from a single source location, with an angular distribution that does not depend on
radial distance.
2.4. Results for periodically supported rail

The above results have been based on the vibration predicted using a continuously supported track model. As seen in
Fig. 1, the periodic support has noticeable effects on the vibration in the vicinity of the pinned–pinned mode, which occurs
for vertical vibration at 1 kHz and for lateral vibration at 500 Hz. Therefore the above analysis has been repeated using a
model for the rail vibration based on a discretely supported Timoshenko beam [28].

Example results are shown in Fig. 4. These only differ significantly from the results for a continuously supported beam
model in the region around 1 kHz. Thus the results for 800 and 1600 Hz in Fig. 4(a,d) closely resemble those in Fig. 3(c,d)
and the continuously supported beam model appears adequate at these frequencies. However, the results for 1000 and
1250 Hz reveal strong periodic effects within the radiated field. At 1000 Hz, the direction of the intensity vector varies from
01 up to 541 and the magnitude also varies considerably. At 1250 Hz the variations are smaller but the radiation still differs
considerably from that for a continuously supported beam.
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Fig. 4. Sound intensity predicted due to rail vibration at various frequencies, based on discretely supported rail model. Intensity vectors are shown scaled

in decibels with a range of 25 dB. (a) 800 Hz, (b) 1000 Hz, (c) 1250 Hz, and (d) 1600 Hz.
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3. Acoustic measurements for track excited by shaker

3.1. Description of the acoustic measurements

Acoustic measurements were carried out for the same track as described above, located in the open air, using a one-
dimensional horizontal microphone array. The rail was excited first in the vertical direction and then in the horizontal
direction by using a shaker. The shaker was driven by a pure tone from a signal generator at each of eight one-third octave
band centre frequencies between 500 and 2500 Hz. Fig. 5 shows the measurement locations used for the vertical and
horizontal excitation. In order to minimise acoustic radiation from the shaker itself, this was enclosed in a steel box, the
interior of which was covered with sound absorbing material. In addition, the microphone array was located quite close to
the rail to minimise the effects of noise from the shaker.

The axis of the microphone array was orientated parallel to the rail and the focus angle was varied by introducing
different time delays between the measured pressure signals. Measurements were carried out with the centre of the array
located at several receiver positions along the rail, between 1.5 and 5 m from the forcing point.

The microphone array used is a simple one-dimensional array composed of 13 microphones. For any given frequency only
nine of these are used. For frequencies up to 1250 Hz, the microphones used have an equal spacing of 0.136 m, giving an array
length of 1.088 m. For frequencies from 1600 to 2500 Hz, the microphones used have a spacing of 0.068 m giving an array
length of 0.544 m. At both 1250 and 2500 Hz, therefore, the microphone spacing is equal to half the acoustic wavelength and
may be described as optimal. The sound pressure signals from each microphone were recorded for subsequent processing.
This processing consisted of a delay-and-sum process using Dolph-Tschebyscheff weighting factors [29]. The processing was
designed to direct the focus of the array at a series of angles to the normal by using different delays. The array processing was
based on the assumption of an incoming plane wave (the implications of this are discussed below).

This array is simpler than those often used in practical applications with a smaller number of microphones and
therefore has a more limited spatial resolution. Nevertheless it is useful for making comparisons between measurements
and predictions, as well as for demonstrating the principles under investigation here.
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Fig. 5. Setup for the sound measurements of the vertical (a) and lateral (b) shaker excitation.
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Similar array processing was also applied to the predicted sound pressures obtained using the model of Section 2.
For this simulated data the complex pressure amplitudes pm were predicted at each microphone position and the delay-
and-sum procedure was implemented in the frequency domain.

3.2. Simulations of array performance

Before considering the results of these acoustic measurements for the track, the microphone array is briefly discussed.
Simulations are presented here for a linear array with 9 microphones, with a spacing of 0.136 m. The array processing uses
Dolph-Tschebyscheff weighting factors [29] and can be based either on an assumption of an incoming plane wave at some
angle of incidence, or on an incoming spherical wave originating at some focus point.

Fig. 6 shows results simulated for the array at two frequencies, 800 and 1250 Hz, using processing on the basis of plane
waves. Fig. 7 shows equivalent results for spherical wave processing in which the source is assumed to lie somewhere on a
line at 3 m from the array axis. The ‘relative level’ means the difference in dB between the output of the microphone array
and the average of the squared pressure at the 9 microphones used for this frequency. In all these simulations, the actual
source being detected consists of an incoming plane wave with various angles of incidence. Clearly, the array processing
based on an assumption of plane waves (Fig. 6) gives a better resolution of this angle than the spherical wave processing
(Fig. 7) for this source.

If the microphone spacing is reduced to 0.068 m, the results for 2500 Hz are identical to those for 1250 Hz in Fig. 6, as
the ratio of microphone spacing to wavelength is identical.

In addition, equivalent results have been simulated for a point monopole source. In this case (not shown), provided that
the distance to the source is known, the spherical wave processing gives results that are almost identical to those in Fig. 6,
while the plane wave processing gives results that are almost identical to those in Fig. 7. Thus the best resolution is
obtained when the array processing is chosen to match the form of the incoming wave.

In Fig. 6 the width of the main lobe increases only slightly for 151 and 301 compared with 01 but it is much wider for 451
(and above). The width of the main lobe reduces as frequency increases. The side lobes are about 20 dB lower than the main
lobe for this arrangement of microphones with the Dolph-Tschebyscheff weighting factors.

Fig. 8 shows results for a longer array with 13 microphones, again at a spacing of 0.136 m. These results are for an
incoming plane wave at 1250 Hz processed using the plane wave assumption. Compared with Fig. 6(b) the main lobe has
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become narrower and the side lobes have been reduced in level. This indicates the limitations of the present array in terms
of beam width and side lobe suppression. However, despite its somewhat coarse resolution it is sufficient for the purposes
of this paper.
3.3. Radiation behaviour of a rail

The investigation of the measured radiation behaviour of the rail is carried out for different focus angles of the
microphone array. These vary between �601 and þ601 to the normal, although it has been noted in Section 3.2 that, for
angles above 301, the beam width is greater and the resolution less good. Measured results are compared with predictions
based on the continuously supported track model combined with the equivalent source model, as described in Section 2.

Fig. 9(a) shows the radiation characteristics of the rail obtained at 500 Hz for different focus angles of the microphone
array. The array is centred at a distance of 3.12 m from the forcing point. Also shown are the outputs obtained with the
microphone array if the predicted source distribution is used and the sources are assumed to be a line array of coherent
monopoles. For comparison, the results are shown that would be obtained if these sources were incoherent.

At this frequency, the rail vibration is localised in a region around the forcing point due to high decay rate, measured to
be about 10 dB/m. This effectively forms a point source. Consequently the microphone array gives a maximum output when
it is directed towards the excitation point, which is at an angle of �781 from the centre of the array for this location. This
can be seen from the direction of the intensity vectors in Fig. 3(b).

In this case the overall trends in the measured results are fairly well predicted by both the coherent and incoherent
sources. The maximum gain can be seen to occur at the minimum angle considered, �601. Fig. 9(b) shows the focus angle
that gives the maximum gain determined from this process, as a function of the distance of the array from the forcing point,
which is close to �601 for distances above 2 m for both predictions and measurements.

Fig. 10 shows results for 800 Hz. At this frequency free wave propagation occurs in the rail with a decay rate of 3 dB/m
and the rail effectively represents an extended line source. The rail therefore radiates sound at an angle to the normal. By
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steering the array axis, a clear peak can be seen for a focus angle of about 151 in the measured results. Conventional
interpretation of microphone array measurements might suggest that a strong source is located at a point at 151 from the
centre of the array. However, the source is actually extended along the rail, as seen from the rail vibration measurements.
This angle of 151 corresponds to the direction of the intensity vectors seen in Fig. 3(c) and is related to typical supersonic
structural radiation, whose radiation direction is determined by the ratio of the structural and acoustic wavelengths. The
direction of the peak is found to be largely independent of the location of the microphone array along the rail between 1.5
and 3 m. These measured results show good agreement with the prediction based on coherent sources for this main lobe.
This confirms that it is appropriate to represent the vibrating rail as a line array of coherent sources. If the rail is modelled
instead using incoherent sources the results give poor agreement with the measurements.

The agreement for other tuned angles is less good, possibly due to the proximity of the array to the rail. Nevertheless,
these results are mostly around 10 dB lower than those for the main lobe. Spherical wave processing (not shown) gives a
much less clear picture in this case.

Fig. 11 shows results for 1000 Hz. Here, results at a position x=3.74 m are shown; those at 3.12 m show a much less clear
directional behaviour [29]. At this frequency, strong undulations related to the pinned–pinned resonance are found in the
amplitudes of the rail vibration measured along the rail, which are not present in the predictions based on a continuously
supported rail. The predicted results, therefore, show less good agreement with the measurements. This is due to the fact
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that the vibratory behaviour induced by the pinned–pinned resonance has a significant influence on the radiation
characteristics of the rail, as seen in Fig. 4(b). The microphone array used at this frequency has a length of over 1 m so there
will be considerable variation in the direction and magnitude of the incoming sound intensity along the array. As well as
the main lobe at 151 seen in the predictions, the measured results indicate a strong lobe at �151 corresponding to waves in
the negative-going direction.

Figs. 12 and 13 show results for 1600 and 2000 Hz. At these frequencies free wave propagation again occurs in the rail. A
clear peak can be seen at about 13–151 in the measured results. This corresponds to the direction seen in Fig. 3(d),
determined by the ratio of the structural and acoustic wavelengths. In Figs. 12(b) and 13(b) the direction of the peak is
found to be largely independent of the location of the microphone array along the rail. These measured results show very
good agreement with the prediction based on coherent sources, at least at the main lobe.

Similar trends to these are found in the results for lateral excitation for most frequencies. Examples are shown in Figs. 14
and 15. The direction of the main lobe is between 201 and 301 as the wavenumber of lateral bending waves is smaller than
that for vertical bending. Good agreement is seen between the measurements and predictions based on coherent sources at
the main lobe.

Fig. 16 summarises the results for all frequencies by showing the focus angle of the main lobe for both vertical and
horizontal directions. For each frequency a range of measured values is shown, obtained for different locations of the
microphone array. The results can be seen to be predicted reasonably well in the frequency range where free propagating
wave motion occurs in both vertical and horizontal directions (results are therefore not shown for 500 Hz for the vertical
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vibration). At frequencies associated with the pinned–pinned resonance, especially 1000 Hz for the vertical vibration, the
predictions show less good agreement with the measurements. However, for 1600 Hz and above in the vertical direction
and for most frequencies in the horizontal direction, agreement is excellent. This confirms the validity of the radiation
model based on coherent sources and verifies the angle of principal radiation from the rail.
4. Measurements for a moving train

4.1. Description of the measurements

A measurement campaign has been carried out using moving trains and is used in a qualitative examination of the
radiation properties of the rail. Quantitative analysis is more difficult due to the presence of other sources such as the
wheels. In this section, an attempt is made to investigate the sound generated by the rail during a train pass-by by using a
horizontal microphone array. The rails were 50N-type on concrete monobloc sleepers in ballast. The vertical rail pad
stiffness was about 700 MN/m, which is stiffer than that used in the previous section but is of a similar type to that studied
in [19]. The measurements were performed for vehicles with unpowered bogies, since these cars radiate mainly rolling
noise, whereas the powered vehicles are known also to radiate traction motor fan noise [19].



ARTICLE IN PRESS

-40

-30

-20

-10

0

10

R
el

at
iv

e 
le

ve
l (

dB
)

-60 -30 0 30 60
Tuned angle (°)

-60

-30

0

30

R
ad

ia
te

d 
di

re
ct

io
n 

(°
)

543210
Distance from a forcing point (m)

Fig. 14. Measured and predicted results for lateral shaker excitation at 630 Hz. (a) Radiation pattern measured at a distance of 3.12 m from the forcing

point. J, Measured results; —, predictions for coherent sources; - - -, predictions for incoherent sources. (b) Direction of main lobe in the radiation

pattern. J, Measured results; —, predictions for coherent sources.

-40

-30

-20

-10

0

10

R
el

at
iv

e 
le

ve
l (

dB
)

-60 -30 0 30 60

Tuned angle (º)

-60

-30

0

30

R
ad

ia
te

d 
di

re
ct

io
n 

(º
)

543210

Distance from a forcing point (m)

Fig. 15. Measured and predicted results for lateral shaker excitation at 1250 Hz. (a) Radiation pattern measured at a distance of 3.12 m from the forcing

point. J, Measured results; —, predictions for coherent sources; - - -, predictions for incoherent sources. (b) Direction of main lobe in the radiation

pattern. J, Measured results; —, predictions for coherent sources.

-60

-30

0

30

R
ad

ia
te

d 
an

gl
e 

(º
)

500 630 800 10001250160020002500

Frequency (Hz)

-60

-30

0

30

R
ad

ia
te

d 
an

gl
e 

(º
)

500 630 800 10001250160020002500

Frequency (Hz)

Fig. 16. Directivity of main lobe in the pattern of sound radiation from the rail. The microphone array is designed for a plane wave. Error bars are 7
standard deviation. J, Measured results; —, predictions for coherent sources. (a) Vertical shaker excitation, and (b) lateral shaker excitation.

T. Kitagawa, D.J. Thompson / Journal of Sound and Vibration 329 (2010) 202–220214



ARTICLE IN PRESS

Microphone array 

Rail

2.88 m 

2.86 m 

0.
3 

m
 

Fig. 17. Setup for the acoustic measurements from a running train.

90

80

70

60

So
un

d 
pr

es
su

re
 le

ve
l (

dB
)

21

Time (s)

90

80

70

60

So
un

d 
pr

es
su

re
 le

ve
l(

dB
)

21

Time (s)

90

80

70

60
So

un
d 

pr
es

su
re

 le
ve

l (
dB

)

21

Time (s)

Fig. 18. Time histories filtered in one-third octave bands for a trailer bogie running at 102 km/h measured with the single microphone coloured line and

microphone array. The array is designed for a plane wave with a tuned angle, f=01. —, Microphone array; —, single microphone. The positions of the

wheels are indicated by the pulses at the bottom of the graph. (a) 500 Hz, (b) 1250 Hz, and (c) 2000 Hz.

T. Kitagawa, D.J. Thompson / Journal of Sound and Vibration 329 (2010) 202–220 215
The acoustic measurements were carried out with the same horizontal microphone array used in the shaker excitation
experiments in Section 3. Fig. 17 shows the measurement setup. The microphone array was situated parallel to the rail at a
distance of 2.88 m from the rail. In addition a single microphone was located at the centre of the array for comparison.
A device to produce a pulse when a train wheel passes over it was mounted on one side of the railhead close to the position
of the array.
4.2. Rail radiation for a moving train

The qualitative examination of the radiation behaviour of the rail is performed for different tuned angles, f=�301 to
þ301, of the microphone array. The array processing was based on an incoming plane wave, as in the previous section.

Fig. 18 shows the time histories of the sound pressure level measured with the single microphone and the microphone
array directed at 01. In each case results are filtered in one-third octave bands and results are shown for three such bands.
The train was running at 102 km/h (28.3 m/s). Results are shown for a single unpowered bogie, which was the first bogie of
the train. The positions of the wheels are indicated by the pulses at the bottom of the graph. It can be seen that the sources
appear to be at the wheels, and that the sound levels measured with the array are considerably lower than the
corresponding levels measured with the single microphone. This difference in level is primarily due to the different
directivity of the single microphone and the array.

Figs. 19–21 show the time histories of the sound pressure level generated by the same bogie in these three frequency
bands, obtained by steering the microphone array at various angles between �301 and þ301.

From Fig. 19, in the 500 Hz band, there is an apparent shift in the location of the maximum sound levels in the time
histories. When the array axis is turned with a larger positive angle this shifts towards the left while for negative tuned
angles it shifts towards the right. The rail is expected to be the dominant noise source at this frequency [5–7,19]. Moreover,
in this frequency band, the decay rate of vertical vibration is high, but for lateral vibration it is lower. Thus it is expected
that the lateral waves in the rail will be the dominant source of noise at this frequency.
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There could be two possible reasons for the apparent lateral shift noted above. For a point source, changing the focus
angle of the array would cause the source to be seen either before or after it passed in front of the microphones. However, it
is found that this does not explain the observed results. For example, at a focus angle of 301 and a distance from the rail of
2.88 m, a point source would be detected at a location 1.66 m from the actual source position. For a speed of 28.3 m/s this
would correspond to a time lag of 0.06 s, whereas the results in Fig. 19(c) indicate a larger shift of 0.13 s.

The second, and more plausible explanation for the apparent lateral shift in the time histories, is that it is associated
with the large radiation from the propagating wave in the rail. This motion extends to each side of the wheel; the motion
ahead of the wheel radiates sound that is detected by positive array angles, while that behind the wheel is detected by
negative array angles. This asymmetry means that the peak in the array output is concentrated either before or after the
wheel location and does not correspond to a source at the wheel position.

Moreover, it can be seen that, by directing the array at an angle of 7301, the sound levels produced before or after the
bogie passes in front of the array are greater than for 01. Care is needed in interpreting differences in level as these may also
occur due to the dependence of the width of the main lobe on the angle, and the fact that the source is further away as the
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Fig. 21. Time histories of a trailer bogie running at 102 km/h measured with the microphone array, filtered in 2000 Hz one-third octave band. The array is

designed for a plane wave with a tuned angle, f. The positions of the wheels are indicated by the pulses at the bottom of the graph. (a) —, f=101; - - -,

f=�101; —, f=01 coloured line. (b) —, f=201; - - -, f=�201; —, f=01 coloured line. (c) —, f=301; - - -, f=�301; —, f=01 coloured line.

T. Kitagawa, D.J. Thompson / Journal of Sound and Vibration 329 (2010) 202–220 217
angle increases. Nevertheless, it may be noted that, at this angle, the array is focussed in a direction that is close to the
supersonic structural radiation from the lateral rail vibration (the lateral rail vibration radiates at an angle of about 281 at
this frequency, Fig. 16(b)) at which one would expect a strong output.

Fig. 20 shows corresponding results for 1250 Hz. By steering the array axis at positive angles, there is an apparent
increase in the sound levels before the bogie runs in front of the array, although the peak in the time histories shifts only
slightly to the left. Conversely, by directing the array at negative angles, the sound levels in the time history are increased
after the bogie passes in front of the array. There is a larger peak in the sound levels obtained by steering the array at 101,
although this peak is reduced for larger tuned angles. These results are consistent with radiation from vertical bending
waves in the rail, which radiate sound at an angle of 131 to the normal due to free wave propagation at this frequency
(Fig. 16(a)).

For 2000 Hz, it can be seen from Fig. 21 that, by turning the focus of the array, the increase of the sound levels in the
time histories occurs apparently before or after the bogie passes in front of the array. This indicates that the array detects
the radiation behaviour of the rail even in this frequency range where the wheel has a significant contribution to the total
noise. This is also due to the fact that free wave propagation occurs in the rail, and this leads to an under-estimation of the
contribution of the rail component of noise if the microphone array is steered at 01.

Therefore, although they are only qualitative, these results confirm that, when it is directed normal to the rail, a
microphone array does not detect a large part of the noise radiated from the rail. On the other hand it has been shown that
radiation from the rail can be detected by focussing the array at an appropriate angle. If a swept focus is used that covers a
sufficiently broad range of angles it can be expected that the rail radiation will be detected, although care is required in the
appropriate weighting of different angles of incidence if a calibrated source level is to be obtained. However, this is beyond
the scope of the present investigation.
5. Conclusions

The acoustic radiation from a vibrating rail has been investigated using an equivalent source model. The structural wave
motion forms an extended source of sound radiation. The distribution of sound intensity in the horizontal plane has been
shown to consist of sound propagating at a specific angle to the normal, which depends on the ratio of the wavenumbers in
the rail and in air. This cannot be described simply as a directivity as the sound source is not compact, the intensity vectors
are not radial and the angular distribution is not independent of radial distance.

Measurements of rail radiation using a microphone array have shown that the model based on an array of coherent
sources gives reliable results. The output from the microphone array has its maximum when the tuned angle corresponds
to the angle of radiation and good agreement is found with the model.

Measurements have also been taken of a moving train using a microphone array with different focus angles. These
results agree qualitatively with the analysis using the model, although the presence of other sources makes exact
comparison difficult.

The results of this study confirm that a microphone array orientated normal to the track cannot detect the sound
radiation from a propagating wave in the rail. As shown in [19], it may under-estimate the rail component of noise by at
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least 10 dB in the frequency region where waves propagate in the rail. An interesting consequence would be that a rail
damper which reduces rail noise by increasing the decay rate [30], would produce no significant difference when measured
using a microphone array orientated in this way.

It has been shown that radiation from the rail can be detected by focussing the array at an appropriate angle. If a swept
focus is used that covers a sufficiently broad range of angles it can be expected that the rail radiation will be detected,
although it would be difficult to obtain a calibrated source level from such a method.

Appendix A

The motion of a Timoshenko beam is described by its deflection u and the rotation of the cross-section relative to the
undeformed axis, f. The equations of motion for a Timoshenko beam on an elastic foundation of stiffness s per unit length
excited by a point force at x=0 can be written in the form [31]

GAk q
qx

f�
qu

qx

� �
þ suþ rA

q2u

qt2
¼ FdðxÞeiot (A1)

GAk f�
qu

qx

� �
� EI

q2f
qx2
þ rI

q2f
qt2
¼ 0 (A2)

where r is the density of steel, E is Young’s modulus, G is the shear modulus, A is the cross-sectional area, I is the second
moment of area and ko1 is the shear coefficient. The sleeper mass, etc. can be included in the support stiffness by making
s(o) frequency-dependent according to

sðoÞ ¼ spðsb �o2ms
0 Þ

ðsp þ sb �o2ms
0 Þ

(A3)

where sp is the pad stiffness per unit length, sb is the ballast stiffness per unit length and m’s is the sleeper mass per unit
length along the track. Hysteretic damping can be included by making these stiffnesses, as well as E and G, complex.

Considering harmonic motion at frequency o, free wave solutions can exist of the form

uðxtÞ ¼ Ueiote�ikx (A4)

fðx; tÞ ¼ UCeiote�ikx (A5)

where U is the complex amplitude and UC is the corresponding amplitude of f. Substituting these into Eq. (A2) yields,

C ¼
�ikGAk

rIo2 � GAk� EIk2
(A6)

which differs for the two waves (propagating and evanescent). Substituting this into Eq. (A1) gives a quadratic equation for
k2

k4 þ C2ðoÞk2 þ C3ðoÞ ¼ 0 (A7)

where, as in [25]
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and
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rIo2

GAk

� �
(A9)

Once free wave motion has cut on, Eq. (A7) has one positive and one negative solution for k2 provided that C340. The
corresponding values of k are denoted 7k1, corresponding to the propagating waves, and 7k2 ¼8ib2 for the evanescent
waves. Due to damping k1 and b2 have small imaginary parts.

The solution for the point mobility can be found by using a method similar to Grassie [25]. Taking Fourier transforms of
Eq. (A1) from the spatial to the wavenumber domain gives

ðGAkikðC� ikÞ þ s�mr
0 o2ÞUðkÞ ¼ F (A10)

which can be rearranged to give

U

F
¼

1

GAk
k2 þ C1ðoÞ

k4 þ k2C2ðoÞ þ C3ðoÞ

� �
(A11)

where C2 and C3 are given by Eqs. (A8) and (A9) and

C1ðoÞ ¼
GAk

EI
�
rIo2

EI
(A12)
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Finally, taking the inverse Fourier transform, the transfer mobility for a response position x is given by

YðxÞ ¼
iouðxÞ

F
¼

io
2p

Z 1
�1

1

GAk
k2 þ C1ðoÞ

k4 þ k2C2ðoÞ þ C3ðoÞ

� �
e�ikx dk (A13)

This can be determined using an appropriate contour integration. For xZ0, the contour should be closed at infinity in the
lower half plane. The poles of the integrand are the free wavenumbers, which are the solutions to Eq. (A7). The integral is
equal to �2pi times the sum of the residues of the poles enclosed by the contour,

YðxÞ ¼
�io
2p 2pi

X
n with ImðknÞo0

ResðknÞfor xZ0 (A14)

the residues being given by

ResðknÞ ¼
e�iknx

GAk
k2
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4k3

n þ 2knC2ðoÞ

� �
(A15)

where the poles are the free wavenumber solutions, k1 and k2. Hence the mobility can be written as

YðxÞ ¼ ðu1e�ik1jxj � iu2e�b2 jxjÞ (A16)

where

u1 ¼
o

GAk
k2

1 þ C1ðoÞ
4k3

1 þ 2k1C2ðoÞ

 !
(A17)

and

u2 ¼
o

GAk
�b2

2 þ C1ðoÞ
4b3

2 � 2b2C2ðoÞ

 !
(A18)
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